LOCALLY LIPSCHITZ CONTINUOUS PERTURBATIONS OF LINEAR DISSIPATIVE OPERATORS AND NONLINEAR SEMIGROUPS SHINNOSUKE OHARU AND TADAYASU TAKAHASHI
ABSTRACT. Locally Lipschitz continuous perturbations of linear m-dissipative operators in Banach spaces are considered from the point of view of the nonlinear semigroup theory. A necessary and sufficient condition is given for a semilinear operator A + F to be the infinitesimal generator of a nonlinear semigroup which provides mild solutions (with exponential growth) of the semilinear evolution equation u'{t) = (A+F)u(t).
It turns out that a characterization of Hille-Yosida type for nonlinearly perturbed contraction semigroups is obtained.
Introduction. This paper is concerned with the characterization of nonlinear semigroups which provide mild solutions of semilinear evolution equations in Banach spaces of the form (DE) u'(t) = (A + F)u(t), i>0.
In (DE) the operator A is assumed to be the infinitesimal generator of a linear contraction semigroup {T(t) : t > 0} of class (Co) in a Banach space X and F a nonlinear operator from a convex subset C of X into X which is Lipschitz continuous in a local sense. Equation (DE) does not necessarily admit strong solutions and the variation of parameters formula (IE) u(t) = T(t)x + T(t-s)Fu(s) ds, t > 0, Jo is employed to define the generalized solutions of (DE). Namely, an X-valued continuous function u on [0, oo) satisfying u(t) G C and (IE) for t > 0 is called a mild solution on [0, oo) of (DE) with u(0) = x G C. Further, the integral equation (IE) may have only local solutions provided F is locally Lipschitz continuous in a proper sense. We then introduce a lower semicontinuous functional p on X into [0, oo) to define the local Lipschitz continuity of F and specify the growth of solutions u(-) of (IE) in terms of the real-valued functions p(u(-)). In case of concrete partial differential equations the use of such a functional p corresponds to a priori estimates or energy estimates which ensure the global existence of the solutions. In this paper we assume that the functional p is convex, C is contained in the effective domain D(p) = {x G X: p(x) < oo}, and that F is Lipschitz continuous on the level sets Cr = {x G C: p(x) < r}, r > 0. Under these assumptions we think of mild solutions u(-) of (DE) such that (G) P(u(t)) < eat(p(x) + bt) for t > 0, where a, b are nonnegative constants. Our objective here is to establish a necessary and sufficient condition for A + F to be the infinitesimal generator of a nonlinear semigroup {S(t): t > 0} on C such that for x G C the C-valued continuous function u(t) = S(t)x on [0, oo) is a unique mild solution of (DE) satisfying the growth condition (G). The sufficiency of the condition yields a generation theorem for nonlinear semigroups as mentioned above, while the necessity of the condition implies that the infinitesimal generator of the semigroup {S(t)} on C is densely defined in C and exactly equal to the semilinear operator A + F. It turns out that a semilinear Hille-Yosida theorem is obtained. The sufficiency of the condition can be proved by applying well-known results in the theory of operator semigroups. Hence most of this paper is devoted to the proof of the necessity. For this purpose we employ here the measure of noncompactness, and our method depends heavily upon the condition that F is locally Lipschitz continuous in the above-mentioned sense. Semilinear equations of the form (DE) have been studied by many authors, although this paper is particularly related to the work of Martin [5] and Webb [8] . The identity operator on X is denoted by I. Let {T(t): t > 0} be a (Co)-semigroup of linear contraction operators in X and A the infinitesimal generator of {T(t)} with domain D(A). It is well known (see for instance Pazy's book [7] ) that A is a densely defined, closed linear operator in X and the resolvent (I -A A) ~1 of A exists as a linear contraction operator in X for A > 0. Further, F is a nonlinear operator from C into X and we assume throughout this paper that F is Lipschitz continuous on Cr, r > 0. Namely, for each r > 0 there is a constant ujr such that 
An X-valued continuous function u(-) on [0, oo) is said to be a mild solution of (1. 
Jo
Hence the usual estimation of Gronwall's type implies (1.4). Q.E.D. Before stating our main result we recall the notion of semigroup of local Lipschitzian operators on C. By a continuous semigroup on C is meant a one-parameter family {S(t): t > 0} of (possibly nonlinear) continuous operators from C into itself such that S(0)x = x, S(t + s)x = S(t)S(s)x for s,t > 0, x G C, and S(t)x is continuous in t > 0 for each x G C. A continuous semigroup {S'(i)} on C is said to be locally equi-Lipschitz continuous on C if for r > 0 and r > 0 there is a nonnegative constant cj(r,r) such that \S(t)x -S(t)y\ < exp(w(r, r)t)\x -y\ for t G [0, r] and x,y G Cr. THEOREM 1. Let a,b>0.
The following two conditions are equivalent: (I) There exists a continuous semigroup {S(t) : t > 0} on C satisfying ( 
1.1) S(t)x = T(t)x + /0*T(i -s)FS(s)xds fort>0
and xGC,
and xGC. 
Condition (1.1) together with (1.2) means that for each x G C, the function u(t) = S(t)x gives a locally p-bounded mild solution of (1.2). Hence the above Proposition states that a continuous semigroup {£(£)} satisfying (I) is uniquely determined by the operators A and F, and that {5(i)} is locally equi-Lipschitz continuous on C. Moreover, it follows from condition (II) that D(A) n C is dense in C. In fact, let x G C, r -p(x), A0 be a number in (0, I/o) determined by (II), and let Ä = (1 -aXo)~l(r + bXo). Then for each Ae (0,A0) there is x\ gD(A)í)C satisfying (II.1) and (II.2). Since x, x\ G Cr, x\ -(I -AA)_1(x + \Fx\), and where R -(1 -aAo)"1(r + bXo) and Fr denotes the restriction of F to Cr.
As will be seen in the next section, the semigroup {¿>(i)} is determined through the exponential formula for A > 0 sufficiently small.
Proof of Theorem 1. We first prove the implication (II) => (I) by applying basic results on linear and nonlinear semigroups.
Let A > 0, x G C, and set R -e2ar(p(x) + br). Let Ao be a number Ao(i2) G (0, I/o) determined by condition (II) and choose a positive integer no so that r/n < Ao/2 for n > no-Put hn = r/n for n > no-Then it follows from (II) that for each n > no there exists a finite sequence (xk)k=0 sucn *na* ^o = x, z£ G D(A) fl C, (2.1) xnk-hn(A + F)xï = xî_i and p(x£) < (1 -ahn)'1(p(x^i) + bhn) for k = 1,...,n. Since (2.2) p(xl) < (1 -ahn)-k(p(x) + bkhn) < e2aT(p(x) + br) = R for k = 1,..., n and n ~ 1,2,..., and since the operator A + F -ujrI is dissipative on Cr, the convergence theorems established in [2 and 4] can be applied to ensure that there is an X-valued continuous function u(*; x) on [0, t] such that xJJ converges to u(t; x) as n -> oo and khn -► t in [0, r]. It is clear that u(t; x) G C for t G [0, t]. The first inequality in (2.2) and the lower semicontinuity of p together imply that the limit function u(-;x) satisfies
On the other hand, by (2.1) and by induction we obtain it x% = (1 -hnA)~kx + hn £(I -/inA)-(fc^+1>Fx? j=i for k = 1,..., n. Passing to the limit as n -> oo, we can show in the same way as in [8] that the limit function u(-;x) satisfies ( 
2.4) u(t; x) = T(t)x + [ T(t -s)Fu(s; x) ds Jo
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use for t G [0, t). Since r > 0 is arbitrary, it is concluded that for each x G C there is a unique A"-valued continuous function u(-;x) on [0,oo) satisfying (2.3) and (2.4) for all t > 0. We then define a family {S(t) : t > 0} of operators from C into itself by S(t)x = u(t; x) for í > 0 and x G C.
It is easy to check that {5(i)} forms a continuous semigroup on C satisfying (1.1) and (1.2), and thus (I) is obtained.
We Solving this inequality with respect to p(xx,h), we obtain estimate (iii). Finally, the continuity of the mapping h -► xx,h is deduced from (2.6) and the fact that the mapping h -► Ghy is continuous for each y G CV+i. Finally, the boundedness of the set {xXth-h G (0,h(X)]} follows from the estimate given in by Lemma l(iii). Thus it suffices to show that there is at most one element xa in Cr+i satisfying (2.9). Suppose that an element y G Cr+i satisfies (2.9). Then xx -y = X(I -XA)~1(Fxx -Fy) and |xa -y\ < Xujr+i\xx -y\, and so y = xXConsequently, xx,h converges to xa as h J, 0. Q.E.D. department of mathematics, hiroshima university, hiroshima 730, japan National Aerospace Laboratory, Chofu, Tokyo, Japan
